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Abstract

This study examines how transport improvement affects the spatial distributions of population

and commercial activities within a city. We develop a simple two-district monocentric city model

with endogenous locations of workers and firms producing differentiated services. We show that

a decrease in commuting costs decentralizes both population and service production, whereas a

decrease in trade costs leaves the population distribution unchanged but may either centralize

or decentralize service production. When transport improvement reduces both costs, population

necessarily decentralizes, while service production may become more concentrated in the city

center, depending on the relative attractiveness of the city center and the relative magnitudes of

the reductions in the two costs.
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1 Introduction

For the last several decades, many cities, in particular those in the United States and Japan, have

been experiencing suburbanization of population, accompanied by decentralization of commer-

cial activities. This process has various negative impacts on the economy of a city. For one thing,

considerable amounts of existing building stock and infrastructure are left unused, resulting in

inefficient resource allocation. For another, this process generates various types of negative ex-

ternalities, such as an increase in environmental burdens mainly due to heavier automobile use

and congestion in the suburbs, an increase in crime, and the breakdown of social networks and

communities in a city center. What is more, the decentralization of commercial activities deprives

the city center of agglomeration economies. Examining the mechanism behind that process and

seeking remedies for such problems is an urgent task facing cities.1

A fundamental question is what factors promote or counteract the decentralization process.

One of the important forces to consider in answering this question is agglomeration economies.

In particular, it is widely recognized that the concentration of differentiated products, especially

the services known as urban amenities, such as those provided by retail shops, bars, cafes, restau-

rants, theaters, and concert halls, is an important source of agglomeration economies (see Glaeser

et al., 2001).2 Paying special attention to agglomeration economies, several studies examine the

spatial distributions of both consumers (residences) and firms (workplaces) within a city. Notable

examples are Picard and Tabuchi (2013), Malykhin and Ushchev (2018), Mossay et al. (2020),

and Aizawa and Kono (2025). They examine the locations of residences and workplaces with-

out presuming that firms are concentrated in the city center. They demonstrate that a city can

exhibit diverse spatial patterns of residential and business land use when consumers’ and firms’

location decisions are interdependent through linkages, such as demand and vertical linkages,

and externalities, such as technological spillovers. The monocentric pattern, in which all firms

are concentrated in a certain contiguous area around the city center, is one of their equilibrium

patterns.3 In this sense, their frameworks are more general than the classical monocentric frame-

work developed by Alonso (1964), Mills (1967), and Muth (1969) (henceforth, the AMM models).

At the same time, the above-mentioned studies incorporating agglomeration economies abstract

from commuting costs borne by consumers and their decisions regarding the amount of land to

1One popular approach is to make a city more compact. For studies on compact cities, see Burton (2002), Tsai (2005),
Gaigné et al. (2012), OECD (2012), Lee et al. (2015), Ahlfeldt and Pietrostefani (2017), and Koziatek and Dragićević (2019),
for example.

2Albouy and Stuart (2020) also find that the production of nontradable products, represented by urban amenities, plays
a key role in household location decisions.

3Some researchers, such as Fujita (1988), use a narrower definition for the term “monocentric” pattern: According to
this definition, it is a pattern in which no consumer is located in the central area where firms are located, that is, a pattern
with no mixed use in that area.
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consume for housing. However, those two elements are cornerstones of the AMM models in that

the distribution of consumers is determined so as to balance the negative impact of an increase in

commuting costs against the positive impact of an increase in land consumption as a consumer

moves farther away from the city center. This study attempts to answer the above question while

explicitly incorporating these two elements in addition to agglomeration economies.

For that purpose, we construct a simple two-region model of a city, interpreting the two re-

gions as two districts within the city: the “city center” and the “suburb.” City residents work in

the city center, and thus suburban residents pay commuting costs. The reason for returning to

a monocentric city approach is to obtain an intuitive understanding of the roles of commuting

costs and consumers’ demand for land in the determination of urban spatial structure. Such an

understanding would be difficult to obtain in a more general framework. For instance, suppose

that a nontrivial number of firms and consumers choose their locations. Then, without introduc-

ing fairly strong assumptions, it would be intractable to formulate commuting patterns and the

associated commuting costs. Because we intend neither to replicate reality nor to conduct coun-

terfactual analysis, a model that is as simple as possible is desirable for uncovering the workings

of several key factors. Returning to our model, city residents consume land for housing, a ho-

mogeneous good, and nontradable differentiated services, while paying two kinds of transport

costs: commuting costs, if any, and “trade costs” to acquire differentiated services produced in the

respective districts. Firms in the differentiated service sector freely choose their locations, thereby

determining the number of service varieties produced in each district.

One important motivation behind this study concerns policies aimed at deterring the decen-

tralization of commercial activities. One typical arena for such policies is public transport. Since

Calthorpe (1993) proposed the idea of transit-oriented development (TOD) in the field of urban

planning, a number of cities around the world have introduced brand-new light rail transit (LRT)

and subway lines and modernized existing lines.4 One important aim of these attempts is to fully

exploit agglomeration economies by concentrating economic activities in the city center (Venables,

2007).5 More specifically, improvements in public transport are expected to encourage suburban

consumers to visit the city center more often and to bring residents back there, which will have a

further positive impact on businesses in the center. One example is found in Toyama City, Japan.6

Since the late 2000s, the city has introduced a set of policies to revitalize the city center by shifting

4Another term related to these policies is smart growth. The American Planning Association (2012) states that “inte-
grating land use and transportation planning to accommodate more than just the automobile and to provide increased
transportation choices, including mass transit, bicycling, and walking is a hallmark of Smart Growth.”

5The most important reason is said to be the alleviation of environmental burdens. By encouraging residents to switch
their mode of transport from automobiles to public transport, we can reduce emissions of CO2 and other air pollutants.
For instance, Baum-Snow and Kahn (2000, 2005) show that average transit usage in a census tract decreases with the
distance between the tract and a transit station.

6For more details on the policies implemented in Toyama city, see Iwata and Kondo (2021).
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residences from the suburbs and promoting the construction of new commercial buildings in a

target zone. Along with financial support for housing construction in that zone, the city has dras-

tically improved its public transport system by constructing a new tram line and renovating an

old transit line, among other measures. Those policies have actually had some effect in deterring

the decentralization of commercial activities and population.7

Nonetheless, most existing economic studies have not found evidence supporting such poli-

cies.

On the one hand, as far as the distribution of population is concerned, many empirical stud-

ies reveal that investment in public transport tends instead to cause decentralization.8 For one

thing, Ahlfeldt and Wendland (2011) find that the land value curve, which graphs land values

as a function of distance from the city center, became flatter in Berlin from 1890 to 1936. They

show that the main reason for this change was the reduction in commuting time brought about

by the expansion of the railway network. Moreover, Garcia-López (2012), for railroad improve-

ment in the Barcelona Metropolitan Region; Mayer and Trevien (2017), for the expansion of the

Regional Express Rail in the greater Paris area; and Gonzalez-Navarro and Turner (2018), for sub-

way construction around the world, all show that improvements in public transport systems lead

to the decentralization of population. Finally, Heblich et al. (2020) examine changes in the spatial

distributions of population and employment in London from the nineteenth century to the early

twentieth century. Using reduced-form event-study analyses and rigorous structural estimation,

they find that the invention and development of steam railways led to a large-scale spatial sep-

aration of workplaces and residences, which resulted in the decentralization of population. Fur-

thermore, these empirical findings are consistent with the conventional AMM models, although

these models do not allow commercial activities to locate outside the city center (for instance, see

Wheaton, 1974).9 According to the AMM models, a fall in commuting costs brought about by

transport investment raises consumers’ disposable income. However, because their utility level

must remain unchanged in a small open city, land rents need to rise. This geographically expands

the city, which extends over the area where urban land rent exceeds a given level of agricultural

rent. The same conclusion can be derived for a closed city.10

7For theoretical and empirical evaluations of such policies, see, for instance, Aizawa and Kono (2025) and Fujishima et
al. (2025).

8The literature is unanimous that improvements in road transport lead to the decentralization of both residence and
employment. For instance, Baum-Snow finds that the construction of new freeways causes the decentralization of popu-
lation and, to a lesser degree, employment within a city (Baum-Snow, 2007b; 2020). Garcia-López obtains similar results
for Barcelona Metropolitan Region (Garcia-López, 2012) and for European cities (Garcia-López, 2019). See Redding and
Turner (2015) for a review of studies on investment in not only public transport but also road transport.

9For the reviews of the later development of the AMM models, see Anas et al. (1998), Brueckner (2001), Glaeser and
Kahn (2004), and Duranton and Puga (2015), among others.

10Suppose that land rents decline in a closed city. Then, each resident, with higher disposable income, would consume
a larger amount of land, and therefore, the city with a fixed population would expand. This is a contradiction, because
lower urban land rents imply a smaller urban area. Hence, land rents should rise, and therefore, the city expands.
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On the other hand, with respect to the distribution of commercial activities, or, more broadly,

employment, few empirical studies have provided a clear-cut answer to the question of whether

transport improvement deters their decentralization. One exception is the work by Heblich et al.

(2020) cited earlier, which shows that employment became more concentrated in central areas of

London from the nineteenth century to the early twentieth century. In addition, to the best of my

knowledge, no theoretical study has examined this question. The second purpose of this study

is to fill this gap. More specifically, using our model sketched earlier, we theoretically show that

transport improvement may centralize, rather than decentralize, a city, depending on parameter

values. The reason for this centralization is simple. The increase in consumers’ disposable income

due to the reduction in transport costs raises their demand for differentiated services. Because

of agglomeration economies, newly entering retail firms choose to locate in the district where

more service varieties are produced, which is usually the city center. In policy debates, this is

probably one of the strongest arguments for the claim that transport improvement leads to a

more centralized city.11

The main results of this study are summarized as follows. We show that there exists a unique

stable equilibrium under a certain condition. The equilibrium numbers of service varieties pro-

duced in the city center and the suburb, as well as their equilibrium populations, depend on

several key parameters, such as the commuting costs paid by suburban consumers, the amount

of residential land available in each district, and the strength of the preference for land. First,

both the number of varieties produced in the city center and its population decrease as commut-

ing costs and the amount of residential land available there decrease. Second, trade costs do not

affect the population distribution. However, they do affect the numbers of varieties produced in

the two districts . A decrease in trade costs increases the number of varieties produced in the city

center if that district is endowed with a sufficiently large amount of residential land relative to

the suburb, if commuting costs are sufficiently high, or if the preference for land is modest. An

immediate implication is that improvement in public transport may succeed in centralizing a city

in terms of the distribution of variety production, but only if the above conditions are satisfied.

As mentioned earlier, we consider a monocentric city so as to obtain an intuitive understand-

ing of the roles of commuting costs. There are several additional justifications for doing so. First,

our motivation to examine the effects of transport infrastructure investment on spatial structure

provides several of these justifications. For one thing, in many cities, LRT, subway, and commuter

train lines are planned to connect the city center and suburbs directly, or as feeder lines to a radial

11Another argument advanced by a number of researchers is based on the possibility of choosing between public trans-
port and automobiles (Anas and Moses, 1979; LeRoy and Sonstelie, 1983; Sasaki, 1989, 1990; Gin and Sonstelie, 1992;
DeSalvo and Huq, 1996; and Baum-Snow, 2007a, to name a few). According to these studies, residents who switch from
automobiles to public transport after an improvement in public transport tend to relocate closer to the city center. This
weakens the centrifugal force generated by the improvement and may overturn the decentralization result.
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trunk line leading to the center. This is even more likely to be the case if we consider smaller cities

that have only a few transit lines, or the lines that were constructed in the early stages of the devel-

opment of larger cities. In these cases, we regard transport infrastructure as being designed on the

basis of a monocentric city. Furthermore, if we take into account the endogenous determination

of the locations of production activities, it becomes necessary to discuss the effects of transport

infrastructure investment on the transport costs involved in production, which are likely to differ

from those involved in consumption.12 Analyzing a city with two different types of transport

costs would require not only considerable elaboration but also some arbitrary assumptions about

the specification of those costs. Second, although the tendency toward decentralization has been

accelerating in many cities worldwide, a substantial number of cities are still monocentric. Third,

this fact often leads policymakers to discuss transport infrastructure investment on the premise of

a monocentric city. Fourth, the monocentric city is supported as one of the equilibrium outcomes

in the works mentioned earlier. For instance, Mossay et al. (2020) show that a monocentric city

emerges in equilibrium when commuting costs are sufficiently low and/or demand and vertical

linkages are sufficiently strong. Thus, we can interpret our framework as a special case of a more

general model.

Among other related studies, four strands of literature are worth noting. First, some re-

searchers take alternative approaches that do not directly rely on agglomeration economies. They

include Fujita and Ogawa (1982), Fujita and Thisse (1986), Fujita (1988), Lucas and Rossi-Hansberg

(2002), Konishi (2005), and Dodds and Dubrovinsky (2015). Second, another strand of literature,

represented by Henkel et al (2000), Arakawa (2006), and Tabuchi (2009), discusses the spatial dis-

tribution of retail firms for a given distribution of consumers. Third, Tabuchi (1998) and Murata

and Thisse (2005) consider two cities to examine whether and when differentiated products ag-

glomerate in one city. Their interest lies in the emergence of a core-periphery pattern, rather than

in the internal spatial structure of each city. Fourth, this study emphasizes the importance of

the amount of residential land available in each district in determining the spatial distributions

of consumers and firms. This is consistent with a strand of studies that underscore the effects

of the amount of developable land on housing markets (Saiz, 2010; Paciorek, 2013; Hilber and

Vermeulen, 2016; Baum-Snow and Han, 2024).

The rest of the paper consists of eight sections. In Section 2, the model is presented. Section 3

discusses the conditions that an equilibrium must satisfy. In Section 4, we derive the equilibrium.

Section 5 shows the existence, uniqueness, and stability of the equilibrium. From Sections 6 to

12For instance, in the works of Picard and Tabuchi (2013) and Mossay et al. (2020), the same varieties of differentiated
products are consumed as final goods and used in production as intermediate inputs. Thus, the costs of shipping the
varieties as final goods are the same as those of shipping them as intermediate inputs. This simplification may not be
innocuous when we study the impacts of transport infrastructure investment.
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Section 8, we conduct comparative statics. In Section 6, we examine how investment in transport

infrastructure affects the spatial distributions of consumers and firms. Section 7 analyzes the

impacts of changes in the endowment of residential land in each district. The effects of changes

in preference are discussed in Section 8. Section 9 concludes.

2 Basic framework

We consider a city that consists of two districts, a “city center,” or district 1, and a “suburb,”

or district 2. The two districts are geographically separate from each other. Furthermore, each

district extends over a geographical area and is endowed with Si units of residential land (i = 1, 2).

In this paper, we concentrate on the case in which the areas of residential land and commercial

land in each district are fixed. This is because changing land use takes some time, while we are

interested in the relatively short run. In addition, we limit ourselves to the case in which the

amount of residential land in the city center does not exceed that in the suburb, that is, S1 ≤ S2.

Two kinds of goods and services are produced in the city: differentiated products and a ho-

mogeneous composite good.

The differentiated products are services, represented by urban amenities such as those offered

by cafes, bars, restaurants, theaters, concert halls, and museums. Following the convention in

spatial economics, we refer to each differentiated service as a “variety.” They are nontradable

in the following two senses. First, they cannot be shipped across the city boundary. Second, to

consume the services, consumers need to visit the district where they are supplied.

In contrast, the homogeneous composite good is tradable: it can be shipped at no cost within

the city and across the city boundary. It is taken as the numéraire. Furthermore, we assume that

the good is produced in the city center, in the same spirit as conventional monocentric city mod-

els. Although this monocentric assumption is sometimes criticized for not adequately describing

the spatial structure of contemporary cities, we nevertheless adhere to it for the following three

reasons. First, it makes the model simple enough to enable us to interpret the derived results

intuitively, thereby providing new insights. Second, it helps us use a number of existing results

of the AMM models as a benchmark. Third, it prevents the analysis of the effects of transport in-

frastructure investment from becoming too complicated. If we allowed for more than one center,

it would become necessary to identify transport routes between all pairs of centers. In that case,

any plan of infrastructure investment would have to specify how to allocate them among such

transport routes. Without imposing additional ad hoc assumptions, therefore, the analysis would

become intractable and fail to yield any general insights.

In the city, there are workers, whose total population is fixed and normalized to unity. They
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live in one of the two districts. The populations of workers in the respective districts are denoted

by l1 and l2, respectively (l1 + l2 = 1). Since the total population is normalized to unity, they also

represent the population shares of the two districts. Each worker inelastically supplies one unit

of labor and engages in the production of the composite good to earn a fixed wage, w. As in the

AMM models, furthermore, we assume the presence of absentee landlords, which implies that a

worker’s income consists solely of the wage. Moreover, because the production of the composite

good takes place in the city center, all workers need to commute to that district.

Workers consume varieties of services, a piece of land for housing, and the composite good.

They have identical preferences. The preferences for a worker living in district j is represented by

the following utility function (j ∈ {1, 2}):

uj = kCα
j sβ

j z1−α−β
j , (1)

where sj and zj are the size of land and the amount of the composite good, respectively. Further-

more,

Cj ≡
[∫

x∈N1

c1j(x)
σ−1

σ dx +

∫
x∈N2

c2j(x)
σ−1

σ dx

] σ
σ−1

is the aggregate consumption of differentiated products. cij(x) denotes the consumption of vari-

ety x produced in district i, and Ni is the set of varieties produced in that district, and its range is

endogenously determined. Here, σ > 1 is the elasticity of substitution, while α ∈ (0, 1), β ∈ (0, 1),

and 1− α− β ∈ (0, 1) are the shares of expenditure on differentiated products, land, and the com-

posite good, respectively. Finally, k ≡
[
ααββ(1 − α − β)(1−α−β)

]−1
is a positive constant. Note

that the utility function reduces to that of the AMM models when α = 0.

Workers incur two kinds of transport costs. First, recall that to consume a particular variety

of services, they need to visit the district where it is supplied. This may require them to pay

transport costs, which we refer to as trade costs. Moreover, workers may pay commuting costs

when they commute to the city center. One simplifying assumption is that no transport costs are

incurred if workers travel only within the same district. More specifically, if workers consume a

variety produced in their home district, they do not have to pay trade costs, and if they live in the

city center, they do not have to pay commuting costs.

We assume that the trade costs take an iceberg form, as in much of the literature in interna-

tional trade theory and spatial economics. If workers living in district j consume one unit of a

variety produced in district i, they need to purchase τij units of it (τij ≥ 1). Here, τij − 1 units melt

away in the course of transport. Recall that when they visit a firm in their home district, they pay

no trade costs, which implies that τij = 1 if i = j. However, when they visit the other district, they
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need to pay trade costs: τij = τ > 1 if i ̸= j.

Furthermore, the commuting costs are also assumed to take an iceberg form. Workers living

in district j effectively deliver 1 unit of labor to the city center if they supply µj > 1 units of labor:

µj − 1 units of labor are dissipated in commuting. Thus, the effective wage rate is equal to w/µj

and the commuting costs in monetary terms are given by w − w/µj, which is proportional to w.

One justification for this proportionality is that time costs, which can be valued at the wage rate as

an opportunity cost, constitute a major component of commuting costs in addition to a monetary

costs. Our formulation is analogous to that of Murata and Thisse (2005) in that disposable income

after paying commuting costs is proportional to the wage rate. Since workers living in the city

center pay no commuting costs, we have µ1 = 1. However, those living in the suburb pay the

commuting costs: µ2 = µ > 1. In what follows, we will use, with a slight abuse of terminology,

the terms “trade costs” and “commuting costs” to refer to τ and µ, respectively.

Now, we are ready to write down a worker’s budget constraint. Let pi(x) be the price of

variety x produced in district i and rj be the rent of residential land in district j. The budget

constraint for a worker living in district j is given by∫
x∈N1

τ1j p1(x)c1j(x) dx +

∫
x∈N2

τ2j p2(x)c2j(x) dx + rjsj + zj =
w
µj

(2)

for j ∈ {1, 2}.

Finally, we turn to the production side.

First, the composite good is produced from labor using a constant-returns-to-scale technology:

one unit of labor produces one unit of the good. This implies that the wage rate is equal to one.

Here, we are assuming that no land is required to produce the composite good. This follows the

convention of a spaceless city center in the AMM models.

Second, the differentiated products are produced from the composite good using an increasing-

returns-to-scale technology. Producing each unit of a variety requires a units of the composite

good as a variable input. In addition, producing each variety requires f units of the good as a

fixed input. Here, we abstract from the possibility that firms use land as a fixed input, which

implies that the fixed cost is independent of the location of production. The profit of a firm that

produces variety x in district i is given by

πi =
[
pi(x)− a

]
qi(x)− f (3)

for i ∈ {1, 2}, where qi(x) is the total demand for that variety.
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3 Conditions for equilibrium

This section discusses five conditions that an equilibrium must satisfy.

i) Utility maximization by workers

First, workers maximize their utility, (1), subject to their budget constraint (2). A district-j

worker’s consumption of the x-th variety produced in district i is equal to

cij(x) =
α

µj

Pσ−1
j[

τij pi(x)
]σ for x ∈ Ni, (4)

where Pj ≡
[

∑
i=1,2

{∫
x∈Ni

τ1−σ
ij pi(x)1−σ dx

}] 1
1−σ

is a price index for differentiated products in

district j. Furthermore, the worker’s demands for land and the composite good are given by

sj =
β

rjµj
and zj =

1 − α − β

µj
, (5)

respectively.

ii) Profit maximization by firms in the differentiated product sector

The second condition is that firms in the differentiated product sector maximize their profits

(3). Equation (4) implies that the total demand for a variety produced by a district-i firm is given

by

qi(x) = l1τi1ci1(x) + l2τi2ci2(x) for x ∈ Ni. (6)

Together with the assumption that firms take the price index as given, as is conventional in spatial

economics, (3) and (6) yield the well-known solution to the profit maximization problem:

pi(x) = p ≡ aσ

σ − 1
for any x ∈ Ni. (7)

Here, note that the prices are equal across all varieties regardless of which district they are pro-

duced in.

iii) Market clearing of residential land

The third condition is that the residential land market clears in both districts. Since the total
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demand for residential land in district j is βlj
/
(µjrj), the market clears if the land rent is equal to

rj =
βlj

µjSj
(8)

for j ∈ {1, 2}.

iv) Firms’ free entry and exit

The fourth condition is that firms in the differentiated product sector break even under free

entry and exit. To obtain this condition, we need to derive the demand faced by each firm, qi(x).

Since all varieties are sold at the same price, a district-j worker demands the same amount of

every variety produced in a given district: cij(x) = cij for any x ∈ Ni. Let ϕ ≡ τ1−σ < 1 be an

inverse measure of trade costs, or “freeness of trade,” which is frequently used in the literature on

spatial economics. The price index in district j is reduced to Pj = pN
1

1−σ
j , where Nj ≡ nj + ϕn−j

represents the effective number of varieties accessible to district-j consumers, taking trade costs into

account, or, more simply, market access (j ∈ {1, 2}, −j ∈ {1, 2}, and −j ̸= j). Thus, (4) is reduced

to

cij(x) = cij =
α

pµjτ
σ
ij Nj

for any x ∈ Ni. (9)

Here, note that the consumption levels are equal across all varieties produced in the same district.

Furthermore, all firms in the same district face the same demand, that is, qi(x) = qi for any x ∈ Ni.

It follows from (6) that

q1 =
α

µp

(
µl1
N1

+
ϕl2
N2

)
and q2 =

α

µp

(
ϕµl1
N1

+
l2
N2

)
. (10)

Finally, (3) implies that the profit of a district-i firm becomes 0 when

qi =
f

p − a
(11)

for i ∈ {1, 2}. This is the condition for zero profit.

For what follows, it is useful to consider the ratio of demands faced by firms in the two dis-

tricts, q̂ ≡ q1/q2. In this paper, a circumflex is always used to denote the ratio of a variable for

district 1 to that for district 2. The zero profit condition, (11), requires that q̂ = 1. Using (10), this

requirement can be written as

q̂ =
µl̂ + ϕN̂(n̂)
ϕµl̂ + N̂(n̂)

= 1, (12)
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where l̂ ≡ l1/l2, n̂ ≡ n1/n2, and

N̂(n̂) ≡ N1

N2
=

ϕ + n̂
1 + ϕn̂

. (13)

Equation (13) shows that the ratio of market access in the city center to that in the suburb increases

with n̂: A relative increase in the number of varieties produced in the city center increases market

access more in that district than in the suburb. Furthermore, it is not surprising that the district

that produces more varieties has greater market access:

N̂(n̂)
{>
=
<

}
1 if n̂

{>
=
<

}
1. (14)

Several remarks on q̂ are worth adding. First, ∂q̂/∂l̂ > 0.13 The more workers concentrate

in the city center, the greater the demand faced by a firm in that district. Second, q̂ approaches

ϕ as l̂ goes to zero, and 1/ϕ as l̂ goes to infinity. Therefore, for a given value of n̂ ≥ 0, q̂ lies in

the interval (ϕ, 1/ϕ). The interval is not empty because ϕ < 1 < 1/ϕ by construction. Finally,

∂q̂/∂n̂ < 0.14 When relatively more varieties are produced in the city center, firms in that district

compete with each other more intensely, resulting in lower demand for each firm

v) Spatial equilibrium for workers

The last condition is that workers have no incentive to change their location, that is, the city is

in spatial equilibrium.

To derive this condition, we compute a district-j worker’s aggregate consumption of service

varieties from (7) and (9):

Cj =
α

µp
N

1
σ−1
j

for j ∈ {1, 2}. This, along with (5) and (8), yields the indirect utility of that worker:

vj =

(
N

1
σ−1
j

p

)α(
Sj

βlj

)β(
1
µj

)1−β

(15)

for j ∈ {1, 2}. This equation shows that the indirect utility depends on three factors, represented

respectively by the three terms in parentheses. The first is the effective number of varieties that

a worker can access. Greater market access means a lower price index. The second factor is the

population of the worker’s district of residence. Since the total amount of residential land in each

district is fixed, the amount of land consumed per worker is determined by the district’s popu-

13 ∂q̂
∂l̂

=
µ(1 + ϕn̂)(ϕ + n̂)(1 − ϕ2)[

ϕµl̂(1 + ϕn̂) + ϕ + n̂
]2 > 0.

14 ∂q̂
∂n̂

= − µl̂(1 − ϕ2)2[
ϕµl̂(1 + ϕn̂) + ϕ + n̂

]2 < 0.
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lation. The last factor is income. Suburban workers’ income is negatively related to commuting

costs, µ2. Note that there is no income effect on land consumption. This is because a change in in-

come is absorbed by a change in land rent, so that land consumption per capita remains constant,

other things being equal. The absence of an income effect on land consumption is reflected in the

fact that the term in the third pair of parentheses is raised to the power of 1 − β.

It is useful to consider the ratio of the utility levels of workers in the two districts:

v̂ ≡ v1

v2
= µ1−βN̂(n̂)

α
σ−1

(
Ŝ
l̂

)β

, (16)

where Ŝ ≡ S1/S2 is the ratio of the available residential land area in the city center to that in the

suburb, which is no greater than 1 by assumption. Equation (16) shows that v̂ decreases with l̂ and

increases with N̂(n̂), as should be clear from the earlier intuitive explanation. In addition, since

N̂(n̂) is increase in n̂, v̂ increases with n̂. A relative increase in the number of varieties produced

in the city center raises the relative utility of workers in that district.

The condition for the spatial equilibrium is given by

v̂ = 1. (17)

4 Equilibrium

The equilibrium is a set of four variables, n1, n2, l1 and l2, that satisfy the five conditions discussed

in Section 3. Applying the first three conditions leaves us with four equations, namely, the two

equations in (11), which give the fourth condition concerning zero profit, the equation in (17),

which gives the last condition concerning spatial equilibrium, and l2 = 1 − l1 by definition. We

can solve them for the four variables. However, it turns out that solving for n̂ and l̂ first and then

deriving the equilibrium values of the four variables is much easier than solving directly for the

four variables. Thus, we first use (12) instead of (11) and solve the system of two equations, (12)

and (17).

Solving (12) enables us to obtain, for a given value of n̂, the level of l̂ that drives firms’ profits

to zero, denoted by l̂ZP(n̂):

l̂ZP(n̂) =
N̂(n̂)

µ
. (18)

We call the locus of l̂ZP(n̂) a zero profit curve, or a ZP curve. The ZP curve is upward sloping.

An increase in the number of varieties produced in the city center reduces the profits of firms in

that district because competition among them intensifies. To maintain zero profit, they must face

12



greater demand, which is brought about by an increase in the city center population.

Furthermore, for a given value of n̂, (17) gives us the value of l̂ that equalizes the utility levels

of workers in the two districts, denoted by l̂UE
(
n̂
)
:

l̂UE(n̂) = Ŝµ
1−β

β N̂(n̂)γ, (19)

where γ ≡ α
/[

β(σ − 1)
]
> 0. The locus of (19) is referred to as a utility equivalence curve, or a

UE curve. The UE curve is upward sloping.15 If more varieties are produced in the city center,

workers will find living in that district more attractive. To restore utility equivalence, a worker in

the city center must consume less land, which is brought about by an increase in the population

of that district.

We impose one assumption regarding parameter γ.

Assumption 1

Preference parameters satisfy γ < 1, or, equivalently, α < β(σ − 1).

A number of empirical studies support Assumption 1. First, Bergstrand et al. (2013) find that the

elasticity of substitution, σ, equals approximately 7. Anderson and van Wincoop (2004) review

the literature and conclude that the parameter lies between 5 and 10. Second, a number of studies

find that the share of expenditure on housing, β, is greater than 30% in most cases, although the

share depends on the income levels of households and the cities where they live (see Quigley and

Raphael, 2004; Gabriel and Painter, 2020; and Gong and Leung, 2024, among others). Thus, it

seems innocuous to suppose, conservatively, that σ ≥ 5 and β ≥ 0.3 most conservatively. Then,

we have β(σ − 1) ≥ 1.2. If this is the case, α < β(σ − 1) is satisfied since α < 1 by definition.

The intersection of the ZP and UE curves gives the equilibrium value of
(
n̂, l̂
)
, denoted by(

n̂∗, l̂∗
)
. Tedious computation yields

n̂∗ =
Â − ϕ

1 − ϕÂ
and l̂∗ =

Â
µ

. (20)

Here, Â ≡
(

Ŝµ
1
β

) 1
1−γ

> 0 is the ratio of A1 to A2, where Ai ≡
(

Siµ
− 1

β

i

) 1
1−γ

represents the

intrinsic attractiveness of district i as a place to live (i ∈ {1, 2}). The attractiveness increases with

Si and decreases with µi. Greater affordability of residential land implies lower land rent, while

higher commuting costs are associated with lower income. Moreover, γ affects the sensitivity of

15Note that
dl̂UE(n̂)

dn̂
=

γ(1 − ϕ)(1 + ϕ)(
ϕ + n̂

)(
1 + ϕn̂

) · l̂UE(n̂) > 0.
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the attractiveness to those two factors. High α, low β, and low σ lead to greater sensitivity. The

parameter Â does not depend on the spatial distribution of variety production.

It follows from (13) and (20) that in equilibrium, the ratio of market access equals the ratio of

intrinsic attractiveness:

N̂(n̂∗) =
ϕ + n̂∗

1 + ϕn̂∗ = Â. (21)

Therefore, the market access of workers in the city center relative to that of workers in the suburb

is greater when residential land is more abundant in the city center relative to the suburb and

commuting costs are higher.

A necessary and sufficient condition for n̂∗ > 0 is given by16

ϕ < Â <
1
ϕ

. (22)

In the next section, we will show that this is actually a necessary and sufficient condition for the

existence of an equilibrium. Thus, in what follows, we limit our analysis to the case in which this

condition is satisfied.

Assumption 2

ϕ, Ŝ, µ and preference parameters satisfy (22).

Given n̂∗ and l̂∗, we can uniquely determine the equilibrium values of all four variables, n1,

n2, l1, and l2, denoted by n∗
1 , n∗

2 , l∗1 , and l∗2 , respectively. First, we obtain l∗1 and l∗2 from l̂∗ using

l∗1 + l∗2 = 1. To get n∗
1 and n∗

2 , however, we need to solve one of the two equations in (11) using

the derived values of n̂∗, l∗1 , and l∗2 .17 Tedious computation gives the following solutions:

(
n∗

1 , n∗
2
)
=

(
θ(Â − ϕ)

µ + Â
,

θ(1 − ϕÂ)

µ + Â

)
and

(
l∗1 , l∗2

)
=

(
Â

µ + Â
,

µ

µ + Â

)
, (23)

where θ ≡ α
/[

σ f (1 − ϕ)
]
> 0. It is straightforward to verify that all four variables are positive as

long as Assumption 2 is satisfied.

16If (22) is satisfied, both the numerator and the denominator of n̂∗ in (20) become positive. Therefore, (22) is a sufficient
condition. On the other hand, there are two cases in which (22) is violated. First, suppose that Â ≤ ϕ, which implies that
Â ≤ 1/ϕ since 1/ϕ > ϕ. Thus, the numerator is nonpositive and the denominator is nonnegative. Second, suppose that
Â ≥ 1/ϕ, which implies that Â ≥ ϕ. Thus, the denominator is nonpositive and the numerator is nonnegative. In either
case, n̂∗ is nonpositive. Hence, (22) is a necessary condition.

17For instance, the equation in (11) for i = 1 gives

n∗
1 =

α

µσ f

(
µl∗1

ϕ + n̂∗ +
ϕl∗2

1 + ϕn̂∗

)
n̂∗ and n∗

2 =
α

µσ f

(
µl∗1

ϕ + n̂∗ +
ϕl∗2

1 + ϕn̂∗

)
.
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5 Properties of the equilibrium

In this section, we examine the existence, uniqueness, and stability of the equilibrium.

5.1 Existence and uniqueness

It is straightforward to demonstrate the existence and uniqueness of the equilibrium using the

same framework.

Consider the vertical distance between the UE and ZP curves:

D(n̂) ≡ l̂UE(n̂)− l̂ZP(n̂) =
1
µ

N̂(n̂)D̃(n̂),

where D̃(n̂) ≡ Â1−γ

N̂(n̂)1−γ
− 1 = Ŝµ

1
β

(
1 + ϕn̂
ϕ + n̂

)1−γ

− 1.
(24)

It follows from (24) that an equilibrium occurs at a value of n̂ for which D(n̂) = 0, or, equiva-

lently, D̃(n̂) = 0. If D̃(n̂) > 0 for a given n̂, then l̂UE(n̂)− l̂ZP(n̂) > 0. In that case, the relative

population of the city center that equalizes utility levels is larger than the actual relative popula-

tion, given that firms are distributed according to the zero profit requirement. Thus, workers will

migrate from the suburb to the city center and, as a result, a wider range of varieties will be pro-

duced. In this sense, D̃(n̂), which we call a divergence function, measures the potential for further

agglomeration in the city center, which we refer to more briefly as its agglomeration potential.

Several properties of the divergence function are important. First, it is strictly decreasing. This

is because Â does not depend on n̂ and N̂(n̂) is increasing.18 This implies that the upward-sloping

ZP curve is steeper than the upward-sloping UE curve at any n̂. Second, the divergence function

takes the value (Â/ϕ)1−γ − 1 at n̂ = 0. Third and finally, it approaches (Âϕ)1−γ − 1 as n̂ goes to

positive infinity. Fig. 1 depicts a typical divergence function.19 Because the curve is downward

sloping, the necessary and sufficient condition for an equilibrium with n̂∗ ∈ (0, ∞) to exist is

that both inequalities (Â/ϕ)1−γ − 1 > 0 and (Âϕ)1−γ − 1 < 0 are satisfied. This is exactly the

condition given in (22). Furthermore, since D̃(n̂) is strictly decreasing, n̂∗ is unique if it exists.

————– Insert Fig. 1 around here. ————–

So far, we have established that n̂∗ exists and is unique, provided that Assumption 2 is satis-

18Indeed, we have
dD̃(n̂)

dn̂
= −(1 − γ)(1 + ϕ)(1 − ϕ)Â1−γ(ϕn̂ + 1)−γ(n̂ + ϕ)γ−2 < 0 as long as γ < 1.

19It is readily verified that the divergence function is convex.
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fied. Recall that all four equilibrium variables are uniquely determined if n̂∗ is given. Therefore,

the existence of a unique n̂∗ implies the existence of a unique equilibrium. Thus, we have estab-

lished the following proposition.

Proposition 1

There exists an equilibrium if and only if Assumption 2 is satisfied. Furthermore, the equilibrium

is unique if it exists.

5.2 Stability

Recall that one of the equilibrium conditions is utility equivalence between workers in the two

districts. This implicitly assumes that workers migrate between the districts according to the util-

ity difference between the two districts. From this perspective, our equilibrium can be interpreted

as a steady state of a dynamical system of migration. Under this interpretation, the steady state

must be stable for the comparative statics analysis that we conduct in the next section. Thus, in

this subsection, we examine the stability of the equilibrium.

Suppose that workers migrate gradually because migration involves some frictional costs. As

is common in the literature on spatial economics, we assume simple replicator dynamics:

dl1
dt

= ε(v1 − v2),

where dl1 / dt is the time derivative of l1 and ε is an adjustment speed. We say that an equilibrium

is stable if v1 − v2 decreases with l1 in a neighborhood of v1 − v2 = 0. Note that v1 − v2 decreases

with l1 if and only if v̂ decreases with l̂.20 Therefore, an equilibrium is stable if

dv̂
dl̂

< 0 (25)

at the equilibrium.

We consider two scenarios regarding how workers anticipate the effects of their migration on

the ranges of varieties produced in the two districts.

The first scenario assumes “myopic” workers, who do not take into account the changes in

the ranges of varieties brought about by their migration. This may be because they lack sufficient

knowledge or information to fully anticipate such changes, or because firm entry and exit take

20This is because
dv̂
dl̂

=
l22

v2

(
dv1

∂l1
− dv2

∂l1

)
provided that v1 = v2.
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longer than the migration process, so that the ranges of varieties produced adjusted only slowly.

Because myopic workers assume that n̂ is constant, (25) implies that the equilibrium is stable if

∂v̂/∂l̂
∣∣
n̂ given < 0 at the equilibrium. It immediately follows from (17) that

∂v̂
∂l̂

∣∣∣∣
n̂ given

= − β

l̂
< 0,

where the derivative is evaluated at v̂ = 1. Therefore, the equilibrium is always stable in this

scenario.

The second scenario considers “far-sighted” workers, who take into account the resulting

changes in variety ranges brought about by their migration. One plausible hypothesis is that they

expect the ranges to change to satisfy the zero profit requirement. In other words, they expect n̂

to change along the ZP curve according to (18). Some computation yields

dv̂
dl̂

=
∂v̂
∂l̂

∣∣∣∣
n̂ given

+
dn̂
dl̂

dv̂
dn̂

=
1
l̂

(
α

σ − 1
− β

)
,

where all the derivatives are evaluated at v̂ = 1. This derivative becomes negative as long as

Assumption 1 is satisfied.

We have established the following result.

Proposition 2

i) When workers are myopic, the equilibrium is always stable.

ii) When workers are far-sighted, the equilibrium is stable if Assumption 1 is satisfied.

To sum up, under Assumption 1, the equilibrium is stable whether workers are myopic or far-

sighted.

6 Effects of decreases in transport costs

Having verified that the equilibrium exists, is unique, and is stable, we can now conduct com-

parative statics analysis. To begin, we answer whether the transport infrastructure investments

succeed in revitalizing the city center, which is one of the main interests of this paper. For that pur-

pose, we examine how transport costs affect the equilibrium distributions of firms and workers

between the two districts.
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6.1 Effects of a decrease in commuting costs

To begin, suppose that commuting costs decrease as a result of improvements in transport infras-

tructure. The following results immediately follow from (23).

Proposition 3

i) ∂n∗
1/∂µ > 0 and ∂n∗

2/∂µ < 0.

ii) ∂l∗1 /∂µ > 0 and ∂l∗2 /∂µ < 0.

In other words, as commuting costs decrease, the numbers of both firms and workers decrease in

the city center and increase in the suburb. This result is consistent with the results obtained in the

AMM models.

To understand the reason, it is useful to note that both n̂∗ and l̂∗ fall as commuting costs de-

crease. The changes in these relative variables can be explained intuitively by the shifts in the ZP

and UE curves. First, the ZP curve shifts upward since ∂l̂ZP(n̂)/∂µ < 0. This is because the profits

of suburban firms increase as suburban workers’ disposable income rises. To equalize firms’ prof-

its in the two districts, therefore, the number of suburban workers relative to that of city center

workers needs to decrease. Second, the UE curve shifts downward since ∂l̂UE(n̂)/∂µ > 0. The de-

crease in commuting costs affects the utility level of suburban consumers through two channels.

First, it enhances their disposable income, which has a favorable effect on their utility. Second,

this increase in disposable income raises land rent in the suburb, which has an adverse effect on

their utility. However, it turns out that the former effect dominates the latter, and, therefore, the

relative utility of suburban consumers rises. To restore utility equivalence, the suburban popula-

tion needs to increase, which results in a downward shift of the UE curve. In Fig. 2, the ZP curve

shifts from the thick solid ZP◦ curve to the thin solid ZP′ curve, while the UE curve shifts from the

thick dashed UE◦ curve to the thin dashed UE′ curve. The intersection of the ZP and UE curves

moves from point E◦ to E’. That is, the equilibrium values of n̂ and l̂ change from n̂∗◦ to n̂∗′ and

from l̂∗◦ to l̂∗′, respectively. Since the two curves have positive slopes and the ZP curve is steeper

than the UE curve at the equilibrium, E’ is located to the southwest of E◦. Therefore, both n̂∗ and

l̂∗ decrease.

————– Insert Fig. 2 around here. ————–
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6.2 Effects of a decrease in trade costs

The next task is to examine the effects of a decrease in trade costs, that is, an increase in ϕ.

First, changes in n∗
1 and n∗

2 are given by

∂n∗
1

∂ϕ
=

θ(Â − 1)
(1 − ϕ)(µ + Â)

and
∂n∗

2
∂ϕ

= −
∂n∗

1
∂ϕ

, (26)

respectively. (26) implies that the signs of the derivatives depend on the value of Â. Note that

Â
{>
=
<

}
1 if and only if Ŝ

{>
=
<

}
µ
− 1

β . Second, (23) shows that neither l∗1 nor l∗2 depends on ϕ.

These observations immediately lead to the following results.

Proposition 4

i)
∂n∗

1
∂ϕ

{>
=
<

}
0 and

∂n∗
2

∂ϕ

{<
=
>

}
0 if Ŝ

{>
=
<

}
µ
− 1

β .

ii)
∂l∗1
∂ϕ

=
∂l∗2
∂ϕ

= 0.

Thus, as trade costs decrease, the number of varieties produced in the city center increases and

that in the suburb decreases if any of the following conditions holds: the city center is endowed

with a sufficiently large amount of residential land relative to the suburb, the commuting costs

are sufficiently high, or the preference for land is modest. Conversely, if none of these conditions

holds, fewer varieties will be produced in the city center and more in the suburb. In addition,

note that the equilibrium ratio of the numbers of varieties, n̂∗, moves in the same direction as n∗
1

because n∗
1 and n∗

2 move in opposite directions. Moreover, the population distribution over the

two districts does not change.

Note that it follows from (21) that

n̂∗
{>
=
<

}
1 if Â

{>
=
<

}
1 or, equivalently, if Ŝ

{>
=
<

}
µ
− 1

β . (27)

Therefore, as ϕ rises, n∗
1 increases and n∗

2 decreases when n̂∗ > 1, while n∗
1 decreases and n∗

2

increases when n̂∗ < 1. In other words, as trade costs decrease, more varieties will be produced in

a district that initially produces more varieties than the other district. Conversely, fewer varieties

will be produced in a district that initially produces fewer varieties than the other district. In

this sense, the decrease in trade costs has a snowball effect that enlarges the spatial divergence

in variety production. This is perhaps not surprising considering that the literature on spatial

economics emphasizes that a decrease in trade costs reinforces agglomeration forces.

To gain an intuitive understanding of the results concerning the changes in n̂∗ and l̂∗, it is

19



helpful to examine how the ZP and the UE curves shift as ϕ increases. Note that

∂ ln l̂ZP
∂ ln ϕ

=
ϕ(1 + n̂)(1 − n̂)
N̂(n̂)(1 + ϕn̂)2

and
∂ ln l̂UE
∂ ln ϕ

=
ϕγ(1 + n̂)(1 − n̂)

N̂(n̂)(1 + ϕn̂)2
.

Therefore, both curves shift downward for n̂ greater than 1 and upward for n̂ smaller than 1. In

other words, they rotate clockwise about the point at n̂ = 1. This is explained as follows. As trade

costs decrease, workers find that imported varieties become relatively less expensive. Therefore,

the effective number of varieties increases more in the district where more imported varieties are

consumed. Suppose that n̂ is greater than 1. Then, it is the suburb that imports more varieties,

and, therefore, that district sees a larger increase in the effective number of varieties. On the

one hand, because the competition among varieties intensifies more in the suburb, the demand

for each variety decreases relatively more in the suburb, other things being equal. However,

firm’s profits must be equal across the two districts, which requires their demand levels to be

equal. Therefore, the demand for a suburban variety must increase relative to that for a city center

variety, which is accomplished by the increase in the relative population of the suburb. As a result,

the ZP curve shifts downward. On the other hand, the larger increase in the effective number of

varieties in the suburb makes the suburban workers’ relative utility rise (see (15)). To restore the

utility equivalence, the relative population of the suburb must increase so that residents there

consume less land. This results in a downward shift of the UE curve.

Now, we are ready to explain the changes in n̂∗ and l̂∗. For the sake of exposition, let us

concentrate on the case with Ŝ > µ
− 1

β , which corresponds to the case with n̂∗ > 1. Fig. 2 illustrates

the shifts of the ZP and UE curves. The ZP curve shifts from the thick solid ZP◦ curve to the thin

solid ZP′ curve, while the UE curve shifts from the thick dashed UE◦ curve to the thin dashed

UE′ curve. The figure reflects two facts. First, both curves shift downward in the neighborhood

of the equilibrium because they rotate clockwise about points CZP and CUE, respectively, both of

which are located at n̂ = 1. Second, the ZP curve shifts downward more than the UE curve.21

The equilibrium moves from point E◦ to E’, both of which lie on the same horizontal line. Thus,

the equilibrium value of n̂ changes from n̂∗◦ to n̂∗′, whereas that of l̂ remains unchanged. We can

similarly explain the other case with Ŝ < µ
− 1

β .

————– Insert Fig. 3 around here. ————–

21This can be understood from the fact that N̂(n̂) in the equation of l̂ZP, (18), is raised to the power of 1, whereas that in
the equation of l̂UE, (19), is raised to the power of γ < 1.
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One policy implication is that the attempts to reduce trade costs may not succeed in expand-

ing the number of service firms in a city center. Whether such attempts succeed depends on the

parameter values. As we have seen in Proposition 4, the number of service firms in a city center is

more likely to expand when that district is endowed with a large amount of residential land rela-

tive to the suburb, commuting costs are high, and preference for land is modest. This prediction

is a matter for empirical examination, which is beyond the scope of this paper.

6.3 Effects of decreases in both commuting and trade costs

Finally, we examine the general case in which both commuting and trade costs decrease as a result

of transport infrastructure investments. Here, we face the difficult issue of how to formulate the

effects of investments on each of the two kinds of transport costs. For one thing, the magnitude

of the effect on commuting costs may differ from that of the effect on trade costs. What is more,

that difference probably depends on a number of factors, such as the transport mode targeted

by the investments, the amount of investment, the quality of the transport infrastructure before

the investments, the number of users, and the availability of other transport systems. To avoid

making arbitrary assumptions about such particularities, we instead put these details into a black

box and assume only that a given amount of investments, I, reduces µ and τ by η > 0 units

and 1 unit, respectively. Here, η represents the relative strength of the effect of investments on

commuting costs compared to that on trade costs. An η > 1 means that investments reduce

commuting costs more than trade costs, while η < 1 means the reverse. Then, we can write the

total effects of investments on n∗
i and l∗i as


dn∗

i
dI

= −η
dn∗

i
dµ

−
dn∗

i
dτ

= −η
dn∗

i
dµ

+ (σ − 1)ϕ
σ

σ−1
dn∗

i
dϕ

and

dl∗i
dI

= −η
dl∗i
dµ

−
dl∗i
dτ

= −η
dl∗i
dµ

+ (σ − 1)ϕ
σ

σ−1
dl∗i
dϕ

(28)

for i ∈ {1, 2}, respectively.

Combining (28) with our earlier findings immediately leads to several observations. First, re-

call that both dl∗1 /dϕ and dl∗2 /dϕ are zero and that dl∗1 /dµ is positive while dl∗2 /dµ is negative.

Therefore, dl∗1 /dI is negative and dl∗2 /dI is positive: Because a reduction in trade costs has no

effect on the population distribution, while a reduction in commuting costs promotes suburban-

ization, any infrastructure investment leads to suburbanization. Second, recall that if Ŝ ≤ µ
− 1

β ,

dn∗
1/dϕ is negative or 0 (see Proposition 4). In that case, dn∗

1/dI is negative since dn∗
1/dµ is al-

ways positive. By similar reasoning, we can conclude that dn∗
2/dI is positive if Ŝ ≤ µ

− 1
β . Third,

suppose that Ŝ > µ
− 1

β . Then, dn∗
1/dϕ becomes positive. Therefore, there is a critical value, η◦

1 ,
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such that dn∗
1/dI is positive when η is below the critical value and negative when it is above

the critical value. Similarly, there is a critical value, η◦
2 , such that dn∗

2/dI is negative when η is

below the critical value and positive when it is above the critical value. Fourth and finally, we

can state the contrapositive of the second observation: If dn∗
1/dI is nonnegative or if dn∗

2/dI is

nonpositive, then Â must be greater than 1. Those findings are summarized as follows.

Proposition 5

i) dl∗1 /dI < 0 and dl∗2 /dI > 0.

ii) If Ŝ ≤ µ
− 1

β , then dn∗
1/dI < 0 and dn∗

2/dI > 0.

iii) Suppose that Ŝ > µ
− 1

β . Then, there exists η◦
1 such that

dn∗
1

dI

{>
=
<

}
0 if η

{<
=
>

}
η◦

1 . Similarly,

there exists η◦
2 such that

dn∗
2

dI

{<
=
>

}
0 if η

{<
=
>

}
η◦

2 .

iv) If dn∗
1/dI ≥ 0 or if dn∗

2/dI ≤ 0, then Ŝ > µ
− 1

β .

We can combine ii) and iii) of the proposition and restate them as follows. Fewer varieties

are produced in the city center and more varieties are produced in the suburb if the relative at-

tractiveness of the city center is too low or investments reduce commuting costs to a sufficiently

greater extent than trade costs. Conversely, more varieties are produced in the city center and

fewer varieties are produced in the suburb if the relative attractiveness of the city center is suffi-

ciently high and investments reduce commuting costs to a sufficiently smaller extent than trade

costs.

7 Effects of a change in the endowment of residential land

Next, we examine the effects of a change in the relative endowment of residential land, Ŝ. (23)

immediately leads to the following proposition.

Proposition 6

i) ∂n∗
1/∂Ŝ > 0 and ∂n∗

2/∂Ŝ < 0.

ii) ∂l∗1 /∂Ŝ > 0 and ∂l∗2 /∂Ŝ < 0.

Thus, when the city center is endowed with a larger amount of residential land relative to the

suburb, both firms and workers concentrate more in the city center. Because n∗
1 and n∗

2 move in

opposite directions, their ratio, n̂∗, moves in the same direction as n∗
1 . A similar remark holds for

l̂∗.

22



Again, we can explain the changes in the relative variables, n̂∗ and l̂∗, in terms of shifts in

the ZP and UE curves. On the one hand, since l̂ZP(n̂) does not depend on Ŝ, the ZP curve does

not shift. On the other hand, l̂UE(n̂) rises for any given value of n̂. This is explained as follows.

The increase in Ŝ softens the residential land market in the city center, which puts downward

pressure on land rent there. This would raise the utility level of city center workers, other things

being equal. To offset this effect, the population of that district needs to increase, which brings

about an upward shift of the UE curve. In addition, recall that both curves are upward-sloping,

with the ZP curve being steeper than the UE curve at their intersection. Therefore, the intersection

moves to the northwest.

8 Effects of changes in preferences

Finally, we examine the effects of changes in the parameters related to preferences.

8.1 Change in the elasticity of substitution

To begin, we analyze a change in σ. Some studies, including De Loecker and Unger (2020), find

that firms’ markup or profitability has increased in recent decades.22 In our CES utility setting,

such a development corresponds to a fall in σ. As σ falls, workers become less willing to substitute

one variety for another, that is, their “love of varieties” strengthens. This strengthens economies

of scale and firms’ monopoly power. Several factors may account for the fall in σ. For one thing,

it may be attributed to an increase in workers’ income. As their income rises, they tend to have a

stronger preference for specific varieties. For another, the fall in σ may be driven by a decrease in

the costs of obtaining information about individual varieties, caused by the advances in informa-

tion technology and the emergence of large online commercial platforms.

First, we examine the effects on the numbers of varieties produced in the two districts. Paying

attention to the fact that those effects operate through θ and γ (see (23)), we obtain

∂n∗
1

∂σ
=

θ

µ + Â
Ω1(Â) and

∂n∗
2

∂σ
=

θ

µ + Â
Ω2(Â), (29)

where 
Ω1(Â) ≡ − Â − ϕ

σ
− γ(ϕ + µ)

(σ − 1)(1 − γ)
· Â ln Â

µ + Â
and

Ω2(Â) ≡ −1 − ϕÂ
σ

+
γ(1 + ϕµ)

(σ − 1)(1 − γ)
· Â ln Â

µ + Â
.

22According to them, average markups increased from 21% above cost in 1980 to 61% above cost in 2016, and profitabil-
ity, which takes into account fixed costs, also increased over that period.
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Now, because Â depends on µ and Ŝ, we can express the effects in terms of one of these two

parameters. Here, we choose Ŝ. It is convenient to introduce a function s(x) ≡ µ
− 1

β x1−γ, which

gives Ŝ for each value of x = Â, given µ. For instance, we have s(1) = µ
− 1

β since Ŝ becomes equal

to µ
− 1

β for Â = 1. Note that s(1) < 1 since µ > 1. The function s(x) is strictly increasing for any

x > 0.

Recall that our parameters are subject to two sets of constraints. First, we are assuming that

the city center is endowed with a smaller amount of residential land than the suburb, that is,

Ŝ < 1. Second, the relative intrinsic attractiveness, Â, is constrained by lower and upper bounds,

ϕ and 1/ϕ, respectively (see Assumption 2). This implies that Ŝ also has lower and upper bounds,

given by s(ϕ) and s(1/ϕ), respectively. Taking these two constraints into account, we can obtain

the following result from (29).

Proposition 7

i) There exists Ŝ◦ with s(ϕ) < Ŝ◦ < s(1) < 1 such that
∂n∗

1
∂σ

{<
=
>

}
0 if Ŝ

{>
=
<

}
Ŝ◦.

ii) There exists µ′ > 1 that separates the following two cases.

a) If µ > µ′, there exists Ŝ′ with s(1) < Ŝ′ < 1 < s(1/ϕ) such that
∂n∗

2
∂σ

{<
=
>

}
0 if

Ŝ
{<
=
>

}
Ŝ′.

b) If µ ≤ µ′, ∂n∗
2
/

∂σ < 0 for any Ŝ < 1.

The proof of Proposition 7 is relegated to Appendices. According to this proposition, as σ falls,

n∗
1 is more likely to increase when the city center is endowed with a relatively large amount of

residential land. In contrast, n∗
2 is more likely to increase when the opposite holds.

This conclusion becomes even more pronounced when we consider the relative number, not

the absolute number, of varieties. Since (20) implies that

∂n̂∗

∂σ
= −γ(1 + ϕ)(1 − ϕ)

(σ − 1)(1 − γ)2 · Â(
1 − ϕÂ

)2 · ln
(
Ŝµ

1
β
)
,

∂n̂∗

∂σ

{<
=
>

}
0 if Ŝ

{>
=
<

}
µ
− 1

β . That is, the relative number of varieties produced in the city center

increases if Ŝ is high, and µ and β are low. In other words, the relative number is more likely

to increase when the city center is endowed with a relatively large amount of residential land,

commuting costs are low, and/or the preference for land is modest.

Furthermore, the relation of n̂∗ and Â described by (27) indicates that the fall in σ has a snow-

ball effect similar to that of a fall in trade costs: n̂∗ increases if n̂∗ > 1, while it decreases if n̂∗ < 1.

Again, this is consistent with a common result in spatial economics that a fall in σ strengthens
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agglomeration forces.

Next, we examine the effect on the population distribution. Since

∂l∗1
∂σ

= − γµ

(σ − 1)(1 − γ)2 · Â(
µ + Â

)2 · ln
(
Ŝµ

1
β
)
,

∂l∗1
∂σ

{<
=
>

}
0 if Ŝ

{>
=
<

}
µ
− 1

β . It is clear that l̂∗ moves in the same direction as l∗1 because populations

of the two districts must sum to a constant.

We can provide an intuitive explanation for the directions of changes in n̂∗ and l̂∗ by examining

how the ZP and UE curves move. As σ changes, the UE curve shifts whereas the ZP curve does

not. To examine the direction in which the UE curve shifts, we observe

∂ ln l̂UE(n̂)
∂ ln σ

= − σγ

σ − 1
ln N̂(n̂).

Therefore,
∂l̂UE(n̂)

∂σ

{<
=
>

}
0 if N̂

{>
=
<

}
1, or, equivalently, if n̂

{>
=
<

}
1 (see (14)). As σ decreases,

the UE curve rotates counterclockwise about the point at n̂ = 1. The reason is simple. As dis-

cussed above, a fall in σ strengthens workers’ “love of varieties.” Thus, the residents of the district

where a greater number of varieties are produced benefit more. To offset this effect, the popula-

tion of that district relative to that of the other district needs to increase, which effectively reduces

the land consumption of each resident there. Now, suppose that n̂∗ is greater than 1, which is

the case when Ŝ > µ
− 1

β . As σ falls, the new UE curve lies above the original UE curve in the

neighborhood of n̂∗. Since both the UE and the ZP curves are upward-sloping and the ZP curve

is steeper than the UE curve in the neighborhood of the equilibrium, the equilibrium moves to

the northeast. Both n̂∗ and l̂∗ increase. By the same reasoning, we can explain why both n̂∗ and l̂∗

decrease when n̂∗ < 1.

8.2 Change in the preference between differentiated products and the homo-

geneous good

Next, we suppose that workers develop a stronger preference for differentiated products relative

to the homogeneous good. More specifically, their expenditure share on differentiated products

increases, whereas that on the homogeneous good decreases by the same amount. In other words,

α rises while β does not change.

First, we examine the effects on the numbers of varieties produced in the two districts. It is
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readily verified that

∂n∗
1

∂α
=

θ

αβ(σ − 1)(1 − γ)(µ + Â)2
Ψ1(Â) and

∂n∗
2

∂α
=

θ

αβ(σ − 1)(1 − γ)(µ + Â)2
Ψ2(Â), (30)

where 
Ψ1(Â) ≡ β(σ − 1)(1 − γ)(µ + Â)(Â − ϕ) + α(ϕ + µ)Â ln Â and

Ψ2(Â) ≡ β(σ − 1)(1 − γ)(µ + Â)(1 − ϕÂ)− α(1 + ϕµ)Â ln Â.

By the same reasoning as in the analysis of a change in σ, we can obtain the following result from

(30).

Proposition 8

i) There exists Ŝ† with s(ϕ) < Ŝ† < s(1) < 1 such that
∂n∗

1
∂α

{>
=
<

}
0 if Ŝ

{>
=
<

}
Ŝ†.

ii) There is a critical value of µ, µ′′, that separates the following two cases.

a) If µ > µ′′, there exists Ŝ′′ with s(1) < Ŝ′′ < 1 < s(1/ϕ) such that
∂n∗

2
∂α

{>
=
<

}
0 if

Ŝ
{<
=
>

}
Ŝ′′.

b) If µ ≤ µ′′, ∂n∗
2
/

∂α > 0 for any Ŝ < 1.

The proof of Proposition 8 is relegated to Appendices.

Thus, the effects of a rise in α are qualitatively similar to those of a fall in σ: n∗
1 is more likely

to increase when the city center is endowed with a relatively large amount of residential land.

In contrast, n∗
2 is more likely to increase when the city center is endowed with a relatively small

amount. In short, the number of varieties produced is more likely to increase in a district with a

relatively greater amount of residential land.

As in the analysis of a change in σ, we can obtain a stronger result for the relative number of

varieties.
∂n̂∗

∂α
=

(1 + ϕ)(1 − ϕ)

β(σ − 1)(1 − γ)2 · Â(
1 − ϕÂ

)2 · ln
(
Ŝµ

1
β
)
.

Therefore,
∂n̂∗

∂α

{>
=
<

}
0 if Ŝ

{>
=
<

}
µ
− 1

β . Again, this result is the same as that obtained for a fall in

σ. That is, the relative number of varieties produced in the city center increases if Ŝ is high, and

µ and β are low, or, in other words, if the city center has a relatively large amount of residential

land, commuting costs are low, and the preference for land is modest. Furthermore, the relation of

n̂∗ and Â described by (27) indicates that the increase in α has a snowball effect similar to that of

the fall in σ: Again, this is consistent with a common result in spatial economics that an increase

in α strengthens agglomeration forces.
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Next, we examine the effect on the population distribution. Since

∂l∗1
∂α

=
µ

β(σ − 1)(1 − γ)2 · Â(
µ + Â

)2(1 − ϕÂ
)2 · ln

(
Ŝµ

1
β
)
,

∂l∗1
∂α

{>
=
<

}
0 if Ŝ

{>
=
<

}
µ
− 1

β . Furthermore, l̂∗ moves in the same direction as l∗1 .

We again explain the directions of changes in n̂∗ and l̂∗ in terms of shifts in the ZP and UE

curves. Although the ZP curve does not move as α changes, the UE curve shifts. The direction of

the shift, which is dictated by

∂ ln l̂UE(n̂∗)

∂ ln α
=

α ln Â
β(σ − 1)(1 − γ)

· ln
(
Ŝµ

1
β
)
,

depends on whether Ŝµ
1
β exceeds 1. This is explained as follows. The increase in α enhances the

importance of the effective number of varieties for workers. Therefore, the workers in the district

with the greater effective number of varieties benefit more from the increase. If Ŝ > µ
− 1

β , they

are city center residents, whereas if Ŝ < µ
− 1

β , they are suburban residents. Consequently, the

utility of city center residents relative to that of suburban residents increases if Ŝ > µ
− 1

β , whereas

it decreases if Ŝ < µ
− 1

β , other things being equal. As we have seen in the analysis of a change

in σ, those changes in the relative utility must be accommodated by a change in the population

distribution. That is, if Ŝ > µ
− 1

β , the population of the city center relative to that of the suburb

must increase, and if Ŝ < µ
− 1

β , it must decrease. This implies that the UE curve shifts upward

if Ŝ > µ
− 1

β , whereas it shifts downward if Ŝ < µ
− 1

β . Now, if the UE curve shifts upward in

the neighborhood of the equilibrium, the intersection of the ZP and the UE curves moves to the

northeast, and thus, both n̂∗ and l̂∗ increase. Conversely, if the UE curve shifts downward, the

opposite holds.

8.3 Change in the preference between land and the homogeneous good

The final exercise examines the effects of a change in the preference between land and the homo-

geneous good. Suppose that β rises while α remains unchanged. Note that


∂n∗

1
∂β

= −θΛ(ϕ + µ) · ln
(
Ŝµ

σ−1
α
)

and
∂n∗

2
∂β

= θΛ(1 + ϕµ) · ln
(
Ŝµ

σ−1
α
)
,

∂l∗1
∂β

= −µΛ ln
(
Ŝµ

σ−1
α
)

and
∂l∗2
∂β

= µΛ ln
(
Ŝµ

σ−1
α
)
,

(31)
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where Λ ≡ αÂ
β2(σ − 1)(1 − γ)2(µ + Â)2

> 0. Equation (31) immediately leads to the following

proposition.

Proposition 9

If Ŝ
{>
=
<

}
µ− σ−1

α , then,
∂n∗

1
∂β

{<
=
>

}
0,

∂n∗
2

∂β

{>
=
<

}
0,

∂l∗1
∂β

{<
=
>

}
0, and

∂l∗2
∂β

{>
=
<

}
0.

Furthermore, since n∗
1 and n∗

2 move in opposite directions, their ratio, n̂∗, moves in the same

direction as n∗
1 . Similarly, l̂∗ moves in the same direction as l∗1 .

As in the previous analyses, we can intuitively explain the directions of changes in n̂∗ and l̂∗

in terms of shifts in the ZP and UE curves. Suppose that β rises. Although the ZP curve does not

move, the UE curve shifts according to

∂ ln l̂UE(n̂∗)

∂ ln β
= − αβ(σ − 1)[

β(σ − 1)− α
]2 ln

(
Ŝµ

σ−1
α
)
.

Therefore, the UE curve shifts downward if Ŝ > µ− σ−1
α , and upward if Ŝ < µ− σ−1

α . The reason is

that the rise in β affects the utility level of city center workers relative to that of suburban workers

through the following two channels. First, city center workers enjoy a higher disposable income

than suburban workers because they do not have to pay commuting costs. However, there is

no income effect on land consumption: the amount of land consumed is the same regardless of

income. Therefore, as land consumption becomes more important, city center workers’ advantage

from having a higher disposable income diminishes, which reduces their relative utility level.

Second, if N̂ is sufficiently high, city center workers have the additional advantage of being able to

consume a greater effective number of varieties than suburban workers. As β rises, this advantage

also diminishes, which reduces the relative utility level of city center workers. Conversely, if N̂

is low, they have a disadvantage rather than an advantage. Then, the rise in β mitigates this

disadvantage, thereby raising their relative utility level. Consequently, if N̂ is sufficiently high,

both effects work to reduce the relative utility level of city center workers. Then, l̂ must decrease

to restore utility equivalence, and therefore the UE curve shifts downward. However, if N̂ is too

low, the second effect dominates the first and the relative utility level rises. In this case, l̂ must

increase and the UE curve shifts upward. Finally, we examine how the equilibrium moves. Since

N̂(n̂∗) =
(
µ

1
β Ŝ
) 1

1−γ , N̂(n̂∗)
{>
=
<

}
µ− σ−1

α if Ŝ
{>
=
<

}
µ− σ−1

α . Hence, if Ŝ > µ− σ−1
α , the UE curve

shifts downward in the neighborhood of the equilibrium and both n̂∗ and l̂∗ decrease. In contrast,

if Ŝ < µ− σ−1
α , it shifts upward and both n̂∗ and l̂∗ increase.
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9 Concluding remarks

This study has examined the spatial distributions of population and service production within

a city using a simple two-district monocentric model that incorporates commuting costs, trade

costs, residential land, and agglomeration economies arising from differentiated services. We

have shown that, under certain conditions, there exists a unique and stable equilibrium and have

examined how its spatial structure responds to changes in transport costs, residential land endow-

ments, and preferences. A decrease in commuting costs decentralizes both population and service

production, whereas a decrease in trade costs does not affect the population distribution but may

either centralize or decentralize service production. In particular, lower trade costs promote the

concentration of service production in the city center when residential land there is sufficiently

abundant relative to the suburb, commuting costs are sufficiently high, or the preference for land

is modest. When transport infrastructure investment reduces both commuting and trade costs,

population necessarily decentralizes, while service production may become more concentrated

in the city center if the relative attractiveness of the city center is sufficiently high and the reduc-

tion in trade costs is sufficiently large relative to that in commuting costs. Our analysis also shows

that residential land endowments and preferences play important roles in determining the spatial

distributions of both workers and service firms.

This work has many limitations. To conclude the paper, we discuss some of the most impor-

tant ones and suggest directions for possible future research.

First and foremost, we have not empirically examined the validity of our results. It is true that

the purpose of this work is to obtain insights into the basic mechanism through which infrastruc-

ture investments affect urban spatial structure, but we have also obtained several comparative

statics results concerning the effects of changes in various parameters on the spatial structure of

a city. The empirical validity of these results should be examined in future research. For that

purpose, it is necessary to remove some of the simplifying assumptions in our model to make it

more realistic as a foundation for empirical analysis.

Second, one of the simplifying assumptions that need to be relaxed for empirical analysis is

the monocentric city assumption, under which all firms producing the homogeneous good are

concentrated in the city center and all workers commute to that district. A natural next step

is to remove the assumption that the locations of firms producing the homogeneous good are

fixed. However, allowing firms producing the homogeneous good, in addition to firms producing

differentiated products, to choose their locations complicates the analysis, because we need to

consider the effects of infrastructure investments not only on the locations of consumers and

firms in the differentiated product sector but also on the locations of firms in the homogeneous
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good sector. What is more, transport costs for shipping inputs used in the production process play

an important role in firms’ location decisions. Thus, we need to consider two different kinds of

transport costs: those for shipping inputs and those for shipping final goods and services. Because

infrastructure investments arguably have different impacts on these two kinds of transport costs,

we expect the analysis to become much more involved.

Third, both commuting costs and trade costs are assumed to take an iceberg form, which im-

plies that no one receives transport cost payments. In reality, however, these payments can be an

important financial resource for infrastructure investments. In particular, for local governments

that provide public transport services, revenue from passenger fares is often one of the major

funding sources. Thus, future research needs to take into account the monetary flows associated

with transport costs.

Fourth and finally, our model assumes that land rent accrues to absentee landlords. Although

this assumption is useful for simplifying the analysis, it may not be innocuous. One reason is

that, in a small open city model, a change in welfare is reflected in a change in total land rent.

Therefore, investments affect only the welfare of absentee landlords, not that of city residents. To

analyze the welfare implications further, we need to use an alternative framework.23

23Other limitations not discussed here include the absence of mode choice and the possibility that workers combine
commuting and shopping in a single trip, to name a few.
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Appendices

Proof of Proposition 7

i) First, note that Ω1(Â) < 0 for any Â ≥ 1. Second, Ω1(ϕ) > 0. Third and finally, d2Ω1(Â)
/

dÂ2 <

0 for any Â ∈ (0, 1], that is, Ω1(Â) is concave in that interval. These three observations imply

that there exists Â◦ in (ϕ, 1) such that Ω1(Â)
{<
=
>

}
0 if Â

{>
=
<

}
Â◦. Therefore,

∂n∗
1

∂σ

{<
=
>

}
0

if Â
{>
=
<

}
Â◦. Now, let us denote s(Â◦) by Ŝ◦, which lies in the interval

(
s(ϕ), s(1)

)
since

Â◦ ∈ (ϕ, 1). Then, Â
{>
=
<

}
Â◦ is equivalent to Ŝ

{>
=
<

}
Ŝ◦. This establishes our result.

ii) First, note that Ω2(Â) < 0 for any Â ≤ 1. Second, Ω2(1/ϕ) > 0. Third and finally, dΩ2(Â)
/

dÂ >

0 for any Â ≥ 1, that is, Ω2(Â) is increasing in that interval. These three observations imply

that there exists Â′ in (1, 1/ϕ) such that Ω2(Â)
{>
=
<

}
0 if Â

{>
=
<

}
Â′. Therefore,

∂n∗
2

∂σ

{>
=
<

}
0

if Â
{>
=
<

}
Â′. Now, let us denote s(Â′) by Ŝ′, which lies in the interval

(
s(1), s(1/ϕ)

)
since

Â′ ∈ (1, 1/ϕ). Note that Ŝ′ exceeds 1 if µ ≤ µ′ ≡
(

Â′)β(1−γ). In that case, any feasible Ŝ with

Ŝ ≤ 1 is smaller than Ŝ′, and therefore, ∂n∗
2/∂σ is negative. This corresponds to case b) in the

proposition. ■

Proof of Proposition 8

i) First, note that Ψ1(Â) > 0 for any Â ≥ 1. Second, Ψ1(ϕ) < 0. Third and finally, d2Ψ1(Â)
/

dÂ2 >

0 for any Â ∈ (0, 1], that is, Ψ1(Â) is convex in that interval. These three observations imply

that there exists Â† in (ϕ, 1) such that Ψ1(Â)
{>
=
<

}
0 if Â

{>
=
<

}
Â† Therefore,

∂n∗
1

∂α

{>
=
<

}
0

if Â
{>
=
<

}
Â†. Now, let us denote s(Â†) by Ŝ†, which lies in the interval

(
s(ϕ), s(1)

)
since

Â† ∈ (ϕ, 1). Then, Â
{>
=
<

}
Â† is equivalent to Ŝ

{>
=
<

}
Ŝ†. This establishes our result.

ii) First, note that Ψ2(Â) > 0 for any Â ≤ 1. Second, Ψ2(1/ϕ) < 0. Third and finally, d2Ψ2(Â)
/

dÂ2 <

0 for any Â ∈ [1, 1/ϕ], that is, Ψ2(Â) is concave in that interval. These three observations imply

that there exists Â′′ in (1, 1/ϕ) such that Ψ2(Â)
{<
=
>

}
0 if Â

{>
=
<

}
Â′′, Now, let us denote s(Â′′)

by Ŝ′′, which lies in the interval
(
s(1), s(1/ϕ)

)
since Â′′ ∈ (1, 1/ϕ). Note that Ŝ′′ exceeds 1 if

µ ≤ µ′′ ≡
(

Â′′)β(1−γ). In that case, any feasible Ŝ with Ŝ ≤ 1 is smaller than Ŝ′′, and therefore,

∂n∗
2/∂α is positive. This corresponds to case b) in the proposition. ■
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Fig. 1. Divergence function
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